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Abstract
A set A of vertices of a graph G isC-convex if the vertex set of any cycle of the subgraph of G induced by the union of the intervals
between each pair of elements of A is contained in A. A partial cube (isometric subgraph of a hypercube) is a netlike partial cube if,
for each edge ab, the sets Uab and Uba are C-convex (Uab being the set of all vertices closer to a than to b and adjacent to some
vertices closer to b than to a, and vice versa for Uba). Particular netlike partial cubes are median graphs, even cycles, benzenoid
graphs and cellular bipartite graphs. In this paper we give different characterizations and properties of netlike partial cubes. In
particular, as median graphs and cellular bipartite graphs, these graphs have a pre-hull number which is at most one, and moreover
the convex hull of any isometric cycle of a netlike partial cube is, as in the case of bipartite cellular graphs, this cycle itself or, as
in the case of median graphs, a hypercube. We also characterize the gated subgraphs of a netlike partial cube, and we show that the
gated amalgam of two netlike partial cubes is a netlike partial cube.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
Several classes of partial cubes (isometric subgraphs of hypercubes) generalizing median graphs have already been
studied. Some of them were deﬁned by weakening a characterization by Bandelt [1] of median graphs as particular
partial cubes, such as almost-median graphs and semi-median graphs [11], or by considering a particular expansion
procedure, such as treelike partial cubes [5]. On the other hand partial cubes which are obtained by successive gated
amalgamations of edges and even cycles were deﬁned and studied under the name of cellular bipartite graphs by Bandelt
and Chepoi [3].
Now, median graphs and even cycles share several very special properties. In particular they are partial cubes whose
pre-hull number is at most 1 (see [17]) which satisfy what we call the Hom-Retract Property. A retraction (resp. hom-
retraction) of a graph G is an idempotent nonexpansive mapping (resp. edge-preserving mapping) f of G into itself.
The subgraph of G induced by the image of f is called a retract (resp. hom-retract) of G. Note that in [12]), retracts
and hom-retracts are called weak-retracts and retracts, respectively. In general a non-trivial retract (i.e. a retract with at
least two vertices) of a graph is not a hom-retract of this graph. Graphs for which any non-trivial retract is a hom-retract
(Hom-Retract Property) are obviously bipartite. As a consequence of two results of Bandelt [2], median graphs have
the Hom-Retract Property. This is also clearly the case of even cycles.
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These observations led us to research a class of partial cubes with pre-hull number at most 1, having the Hom-
Retract Property, and with median graphs and even cycles as particular elements. None of the above generalizations
of median graphs have those required properties, contrary to the netlike partial cubes that we study in this series
of papers. The class of netlike partial cubes, which is closed under retracts, is, however, not closed under cartesian
products. As a matter of fact, it turns out, as we show in the second part [16] of this study, which is entirely devoted
to the study of retracts, that the Hom-Retract Property in general fails to hold for cartesian products of netlike partial
cubes.
In the ﬁrst paper of this series we investigate the netlike partial cubes by dealing with different characterizations and
general properties of these graphs. Most of them are linked with the fact that the pre-hull number of a netlike partial
cube is at most 1, and with the property that the convex hull of each of its isometric cycles is either this cycle itself
or a hypercube, whence the name “netlike”, convex cycles and hypercubes being the “meshes” of this “net”. This last
property generalizes, on the one hand the property that a connected graph is a median graph if and only if the convex
hull of any of its isometric cycles is a hypercube [1], and on the other hand the property that each cycle of a cellular
bipartite graph is gated and thus convex [3].
Those above two properties of netlike partial cubes are sufﬁcient to characterize the ﬁnite netlike partial cubes
(Section 4), but not the inﬁnite ones (Section 5). In Section 6, we show that each convex cycle of a netlike partial cube
is gated, and that the class of netlike partial cubes is closed under gated amalgams, and consequently that the cellular
bipartite graphs are netlike partial cubes.
2. Preliminaries
2.1. Graphs
The graphs we consider are undirected, without loops or multiple edges, and may be ﬁnite or inﬁnite. If x ∈ V (G),
the set NG(x) := {y ∈ V (G) : xy ∈ E(G)} is the neighborhood of x in G, NG[x] := {x} ∪ NG(x) is the closed
neighborhood of x in G and G(x) := |NG(x)| is the degree of x in G. For a set X of vertices of a graph G we put
NG[X] := ⋃x∈XNG[x] and NG(X) := NG[X] − X, and we denote by G(X) the edge-boundary of X in G, that is
the set of all edges of G having exactly one endvertex in X. Moreover, we denote by G[X] the subgraph of G induced
by X, and we set G − X := G[V (G) − X].
A path P = 〈x0, . . . , xn〉 is a graph with V (P ) = {x0, . . . , xn}, xi = xj if i = j , and E(P ) = {xixi+1 : 0 i < n}.
A path P = 〈x0, . . . , xn〉 is called an (x0, xn)-path, x0 and xn are its endvertices, while the other vertices are called its
inner vertices, n = |E(P )| is the length of P. If x and y are two vertices of a path P, then we denote by P [x, y] the
subpath of P whose endvertices are x and y.
A cycle C with V (C) = {x0, . . . , xn}, xi = xj if i = j , and E(C) = {xixi+1 : 0 i < n} ∪ {xnx0}, will be denoted
by 〈x0, . . . , xn, x0〉. The non-negative integer n = |E(C)| is the length of C, and a cycle of length n is called a n-cycle
and is often denoted by Cn.
Let G be a connected graph. The usual distance between two vertices x and y, that is, the length of an (x, y)-
geodesic (=shortest (x, y)-path) in G, is denoted by dG(x, y). A connected subgraph H of G is isometric in G if
dH (x, y) = dG(x, y) for all vertices x and y of H. The (geodesic) interval IG(x, y) between two vertices x and y of G
is the set of vertices of all (x, y)-geodesics in G.
2.2. Convexities
A convexity on a set X is an algebraic closure system C on X. The elements of C are the convex sets and the pair
(X,C) is called a convex structure. The convex hull coC(A) of a subset A of X is the smallest convex set which contains
A. The convex hull of a ﬁnite set is called a polytope. A copoint at a point x ∈ X is a convex set C which is maximal
with respect to the property that x /∈C; x is said to be an attaching point of C, and the set of all attaching points of C
is coC({x} ∪ C) − C. A subset H of X is a half-space if H and X − H are convex. See van de Vel [18] for a detailed
study of abstract convex structures.
We will be concerned by convexities C on X that can be induced by an interval operator on X, that is a map
I : X × X → P(X) such that, for all x, y ∈ X, x, y ∈ I (x, y) and I (x, y) = I (y, x). In this case, the pair (X, I) is
called an interval space, and a subset C of X is convex provided I (x, y) ⊆ C for all x, y ∈ C. Let I be the self-map
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of P(X) such that
I(A) :=
⋃
x,y∈A
I (x, y)
for each A ⊆ X. ThenI is a pre-hull operator of the convex structure (X,C), that is,I is extensive, isotone and such
that a set C ⊆ X is convex if and only ifI(F ) ⊆ C for each ﬁnite set F ⊆ C. The convex hull of a set A ⊆ X is then
co(A) =⋃n∈NIn(A).
Deﬁnition 2.1. Let I be a pre-hull operator of a convex structure (X,C). We will call pre-hull number of X and we
will denote by ph(X), the least non-negative integer n (if it exists) such that co(C ∪ {x})=In(C ∪ {x}) for each point
x ∈ X and each copoint C at x. If there is no such n we put ph(X) := ∞.
Several kinds of graph convexities, that is convexities on the vertex set of a graph G, have already been investigated.
The two most natural ones are the geodesic convexity and the induced path (or monophonic) convexity. Both of them
are induced by interval operators: the geodesic convexity by the geodesic interval operator IG and the induced path
convexity by the induced path interval operator (the induced path interval between two vertices x and y of a graph G is
the set of vertices of all induced (x, y)-paths in G). In the following we will denote byIG the pre-hull operator of the
geodesic convex structure of a graph G, and by ph(G) the pre-hull number of the geodesic space V (G).
Throughout this series of papers, when working with graphs, by an interval we will always mean a geodesic interval,
and the terms convex, convex hull, polytope, copoint, etc., will always apply to the geodesic convexity. Furthermore,
we will say that a subgraph of a graph G is convex if its vertex set is convex, and by the convex hull coG(H) of a
subgraph H of G we will mean the smallest convex subgraph of G containing H as a subgraph, that is
coG(H) := G[coG(V (H))].
2.3. Cartesian products
The cartesian product of a family of graphs (Gi)i∈I is the graph denoted byi∈IGi (or simply byG1G2 if |I |=2)
with
∏
i∈I V (Gi) as vertex set and such that, for every vertices u and v, uv is an edge whenever there exists a unique
j ∈ I with {prj (u), prj (v)} ∈ E(Gj ) and pri (u) = pri (v) for every i ∈ J − {j} (where pri is the ith projection of∏
i∈I V (Gi) onto V (Gi)). Connected components of a cartesian product of connected graphs are called weak cartesian
products (see [12]). Clearly, the cartesian product coincides with the weak cartesian product provided that I is ﬁnite
and the factors are connected. In particular, hypercubes are the weak cartesian powers of K2.
2.4. Partial cubes
In this section we will recall some properties of partial cubes, that is of isometric subgraphs of hypercubes. First,
partial cubes are particular connected bipartite graphs.
For an edge ab of a graph G, let
WGab := {x ∈ V (G) : dG(a, x)< dG(b, x)},
UGab := Wab ∩ NG(Wba).
If no confusion is likely, we will simply denote WGab and U
G
ab by Wab and Uab, respectively. Note that the sets Wab
and Wba are disjoint and that V (G) = Wab ∪ Wab if G is bipartite and connected.
Two edges xy and uv are in the Djokovic´–Winkler relation  if
dG(x, u) + dG(y, v) = dG(x, v) + dG(y, u).
If G is bipartite, the edges xy and uv are in relation  if and only if dG(x, u) = dG(y, v) and dG(x, v) = dG(y, u).
The relation  is clearly reﬂexive and symmetric.
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Theorem 2.2 (Djokovic´ [9, Theorem 1], Winkler [19]). A connected bipartite graph G is a partial cube if and only if
it has one of the following properties:
(i) For every edge ab of G, the sets Wab and Wba are convex (and thus are half-spaces).
(ii) The relation  is transitive.
Note that, if G is a partial cube, then, for any edge ab, the set Wab is a copoint of G at b. Conversely, for any copoint
K of G, there is an edge ab, where a ∈ K and b is an attaching point of K, such that K = Wab.
Deﬁnition 2.3. We will say that a set A of vertices of a graph G is ph-stable if, for all u, v ∈ IG(A), v ∈ IG(u,w) for
some w ∈ A.
We obtain immediately:
Proposition 2.4. If a set A of vertices of a graph G is ph-stable, then, for all u, v ∈ IG(A), IG(u, v) ⊆ IG(a, b) for
some a, b ∈ A. In particular, for any a ∈ IG(A), each edge of G[IG(A)] belongs to an (a, b)-geodesic for some
b ∈ A, and moreover, coG(A) =IG(A).
Proposition 2.5 (Polat and Sabidussi [17, Theorem 4.11]). Let G be a partial cube. Then ph(G)1 if and only if, for
every edge ab of G, Uab and Uba are ph-stable.
Proposition 2.6 (Polat and Sabidussi [17, Theorem 5.1]). Any ﬁnite connected bipartite graph G such that ph(G)1
is a partial cube.
Finally note that, because a partial cube G is an isometric subgraph of some hypercube Q, we have the following
obvious properties:
1. All polytopes of G are ﬁnite.
2. If a triple (x, y, z) of vertices of G has a median m in G, then m is the median of (x, y, z) in Q, and thus is unique.
3. Let x, y ∈ V (G). If P0 and P1 are two (x, y)-geodesics of G, then there exists a bijection f of E(P0) onto E(P1)
such that e and f (e) are in relation for each e ∈ E(P0). Furthermore, if W is an (x, y)-path of G, then each edge
of P0 is in relation  with an odd number of edges of W, and each edge of W which is not in relation  with any
edge of P0 is in relation  with an even number of edges of W (including itself).
3. Deﬁnition and characterizations
We denote by PC1 the class of all partial cubes whose pre-hull number is at most 1. By Proposition 2.5, a partial
cube G belongs to PC1 if and only if, for each edge ab, the sets Uab and Uba are ph-stable. This is clearly satisﬁed if
these sets are convex, that is, by the following result of Bandelt (see also [13]), if G is a median graph.
Proposition 3.1 (Bandelt [1]). A connected graph G is a median graph if and only if, for each edge ab, Uab and Uba
are convex.
There are other simple weaker conditions for which the preceding condition is satisﬁed. For example if, for each
edge ab, the subgraphs of G induced byIG(Uab) and byIG(Uba) are paths.We will introduce a condition which will
generalize the preceding two ones.
We will denote by CV (G) (resp. 3V (G)) the set of vertices of a graph G which belong to a cycle of G (resp. whose
degree is at least 3). We will say that a set A ⊆ V (G) is C-convex (resp. (3)-convex) if CV (G[IG(A)]) ⊆ A (resp.
3V (G[IG(A)]) ⊆ A). The set ofC-convex subsets of V (G) and the one of (3)-convex subsets of V (G) are convexities
on V (G) which are ﬁner than the geodesic convexity.
In the four examples in Fig. 1, the elements of a set A is represented by the biggest points, while the other vertices
are the elements ofI(A)−A. The set A is ph-stable in (2), (3) and (4), but not in (1) because v /∈ IG(u, a)∪ IG(u, b).
The set A is C-convex in (3) and (4), and (3)-convex in (1) and (3).
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Fig. 1.
Clearly a (3)-convex setA contains every median of each triple of elements ofA whenever such a triple has a median.
Furthermore, the C-convex hull of the vertex set of a cycle is equal to the (geodesically) convex hull of this set. We
also have the following result:
Proposition 3.2. Let A be a set of vertices of a connected graph G such that G[A] is connected. Then A is convex if
and only if it is C-convex.
Proof. If A is convex, then it is obviously C-convex. Conversely suppose that A is not convex. Then there are two
vertices u, v ∈ A and a (u, v)-geodesic P such that V (P ) ∩ A = {u, v}. Because G[A] is connected, there exists an
(u, v)-path Q such that V (Q) ⊆ A. Therefore, P ∪ Q is a cycle of G[IG(A)] whose vertex set is not contained in A.
It follows that A is not C-convex. 
Let us say that an interval IG(x, y) of a graph G is large if there are at least two internally disjoint (x, y)-geodesics
in G (two paths are internally disjoint if non of them contains an inner vertex of the other).
Proposition 3.3. Let A be a set of vertices of a bipartite graph G, and let H := G[IG(A)]. Then the vertex set of
any cycle of H is contained in A if and only if IH (u, v) ⊆ A for any two vertices u, v ∈ V (H) such that the interval
IH (u, v) is large.
Proof. (a) Assume that there exist two vertices u, v ∈ V (H) such that IH (u, v) is large but is not contained in A. Let
P and Q be two internally disjoint (u, v)-geodesics. Let x ∈ IH (u, v)−A. If x ∈ V (P )∪V (Q), then P ∪Q is a cycle
of H whose vertex set is not contained in A. Suppose that x /∈V (P )∪V (Q). Because x belongs to an (u, v)-geodesic R
in H, there exist a, b ∈ V (P )∩ V (R) such that x ∈ IH (a, b) and such that P [a, b] and Q[a, b] are internally disjoint.
It follows that P [a, b] ∪ Q[a, b] is a cycle of H whose vertex set is not contained in A.
(b) Conversely assume that the vertex set of some cycle of H is not contained in A, and let C be such a cycle that we
choose so that its length is minimum with respect to this property.
Suppose that C is not an isometric cycle of H. Then there are two vertices u and v of C and a (u, v)-geodesic P in H
such that V (C)∩ V (P )= {u, v}. Let C0 and C1 be the two (u, v)-paths in C. Then C0 ∪ P and C1 ∪ P are two cycles
of H whose lengths are strictly less that the one of C. By the choice of C, the vertex sets of these cycles are contained
in A. It follows that V (C) ⊆ A, contrary to the properties of C.
Then C is an isometric cycle of H. Moreover, C is even since G is bipartite. Let u, v be two antipodal vertices of C.
Then C is the union of two internally disjoint (u, v)-geodesics in H. Consequently IH (u, v)A. 
It follows that a C-convex set A in a graph G contains all large intervals of G[IG(A)].
By analogy with the characterization of median graphs in Proposition 3.1, we set the following deﬁnition.
Deﬁnition 3.4. We will say that a partial cube G is netlike if, for each edge ab, Uab and Uba are C-convex.
In particular median graphs are netlike partial cubes. An even cycle C2n is also a netlike partial cube because
C2n[IG(Uab)] is the geodesic joining the only two vertices in Uab for each edge ab. We recall that a partial cube
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G is called a semi-median graph (see [11]) if Uab and Uba induce connected subgraphs for each edge ab of G. By
Propositions 3.1 and 3.2, a semi-median netlike partial cube is a median graph.
Proposition 3.5. Any C-convex set of a connected graph is ph-stable.
Proof. Let A be a C-convex set of a connected graph G. Let u, v ∈ IG(A). We have to prove that v ∈ IG(u,w) for
some w ∈ A. We are done if v ∈ A. Assume that v /∈A. Then v ∈ IG(x0, x1) for some x0, x1 ∈ A. Suppose that
v /∈ IG(u, xi) for i = 0, 1. Then there exists an (x0, x1)-geodesic P01 containing v, a (u, xi)-geodesic Pi for i = 0, 1,
and vertices u′ ∈ V (P0)∩V (P1) and x′i ∈ V (Pi)∩V (P01) for i=0, 1 such that P0[u′, x′0]∪P01[x′0, x′1]∪P0[x′1, u′]is
a cycle C. This cycle C must contain v since v /∈ IG(u, xi) for i = 0, 1 by hypothesis, and thus C is not a cycle of G[A]
contrary to the fact that A is C-convex. Therefore v ∈ IG(u, xi) for some i ∈ {0, 1}, and then A is ph-stable. 
Proposition 3.6. Netlike partial cubes are elements of PC1.
Proof. Let G be a netlike partial cube, and let ab be an edge of G. Then Uab is C-convex, hence ph-stable by
Proposition 3.5. Consequently ph(G)1 by Proposition 2.5. 
Proposition 3.7. Let A be a ph-stable set of vertices of a graph G. Then A is C-convex if it is (3)-convex.
Proof. Suppose that A is (3)-convex. We have to prove that the vertex set of any cycle of G[IG(A)] is contained
in A, and it is clearly sufﬁcient to consider only isometric cycles of G[IG(A)]. Let C be such a cycle. Because A is
(3)-convex, every vertex of C whose degree in G[IG(A)] is at least 3 belongs to A. It remains to prove that this also
holds for any vertex of C whose degree in G[IG(A)] is 2. Let x be such a vertex, and let y be the antipode of x in C.
Because A is ph-stable, x ∈ IG(y, u) for some u ∈ A. Since C is an isometric cycle, V (C) ⊆ IG(y, x). It follows in
particular that NG[IG(A)](x) ⊆ IG(y, x). Therefore x = u, and thus x ∈ A. 
Theorem 3.8. A partial cube G is netlike if and only if, for each edge ab, Uab and Uba are ph-stable and (3)-convex.
Proof. The sufﬁciency is a consequence of Proposition 3.7. Conversely assume that G is netlike and let ab be an edge
of G. Then Uab isC-convex, and thus it is ph-stable by Proposition 3.5. Suppose that Uab is not (3)-convex. Then there
is a geodesic P0 joining a vertex u0 ∈ Uab and a vertex m ∈ IG(Uab) − Uab such that u0 is the only vertex of P0
which belongs to Uab and m is the only vertex of P0[u0,m] − u0 whose degree in G[IG(Uab)] is greater than 2. This
implies in particular that P0 is the unique (u0,m)-geodesic since Uab is C-convex. Let x0, x1, x2 be three neighbors of
m with x0 ∈ V (P0). Let i ∈ {1, 2}. Because Uab is ph-stable, there exist ui ∈ Uab such that xi ∈ IG(u0, ui). Without
loss of generality we can suppose that IG(m, ui) ∩ Uab = {ui}. Because Uab is C-convex, it follows that there exists a
unique (m, ui)-geodesic, say Pi . It also follows that Pi ∪Pj is the unique (ui, uj )-geodesic for all i, j ∈ {0, 1, 2} with
i = j . Therefore, m is the median of the triple (u0, u1, u2).
For i = 0, 1, 2 let u′i be the neighbor of ui in Uba . Note that no inner vertices of a (u′i , u′j )-geodesic can belong to
Uba , since otherwise there would exist a (ui, uj )-geodesic distinct from Pi ∪ Pj , contrary to what precedes. Suppose
that the triple (u′0, u′1, u′2) has a median m′. Because dG(u′i , u′j ) = dG(ui, uj ), it follows that dG(m′, u′i ) = dG(m, ui)
for i = 0, 1, 2. Let P ′i be a (m′, u′i )-geodesic for i = 0, 1, 2. Then P ′i ∪ P ′j is the unique (u′i , u′j )-geodesic, because no
inner vertices of a (u′i , u′j )-geodesic can belong to Uba and since Uba is C-convex.
Let v0 be a neighbor of u0 in IG(u0,m), and v′i a neighbor of u′i in IG(u′i , u′0) for i = 1, 2. Let i ∈ {1, 2}. Clearly
dG(u0, v′i )= dG(v0, u′i ) and dG(u0, u′i )= dG(u0, v′i )+ 1. Suppose that u0 /∈ IG(v0, v′i ). Then m ∈ IG(v0, v′i ) because
each inner vertex ofP0 has degree 2 inG[IG(Uab)]; andmoreover v′i ∈ IG(v0, u′i ). LetQ be a (m, v′i )-geodesic. Let x be
the vertex ofPi∩Q such thatV (Qi[x, v′i])∩V (Pi)={x}. Let y ∈ V (Q)∩Uab and y′ ∈ NQ(y)∩Uba . Because no vertex
ofPi and ofP ′i can belong to a cycle ofG[IG(Uab)] and ofG[IG(Uba)], respectively, it follows thatQ[y, x]∪Pi[x, ui]
is a (y, ui)-geodesic. Hence, since dG(y, ui) = dG(y′, u′i ), it follows that Q[x, v′i] and Pi[x, ui] ∪ 〈ui, u′i , v′i〉 are two
(x, v′i )-geodesics. ConsequentlyPi∪〈ui, u′i , v′i〉 is an (m, v′i )-geodesic, and thus u′i ∈ IG(m, v′i ) . Hence u′i ∈ IG(v, v′i ),
contrary to the hypothesis. Then u′i ∈ IG(v0, v′i ), which implies that dG(v0, v′i ) = dG(u0, u′i ).
Consequently, both edges u′1v′1 and u′2v′2 are in relation  with the edge v0u0. Hence these two edges are also in
relation  by the transitivity of this relation, but this is impossible because P ′1 ∪ P ′2 is a geodesic. It follows that the
2710 N. Polat /Discrete Mathematics 307 (2007) 2704–2722
triple (u′0, u′1, u′2) has no median. Then there exist three vertices w0, w1, w2 of a cycle such that wi,wj ∈ IG(u′i , u′j )
for i, j ∈ {0, 1, 2} with i = j . Since Uba is C-convex, it follows that IG(wi, wj ) ⊆ Uba , contrary to the fact that no
inner vertices of a (u′i , u′j )-geodesic can belong to Uba .
Therefore Uab is (3)-convex. 
We recall another result of Bandelt (see also [13]).
Proposition 3.9 (Bandelt [1]). A connected graph G is a median graph if and only if the convex hull of any isometric
cycle of G is a hypercube.
We will see that the isometric cycles of a netlike partial cube partly have a similar property.
Theorem 3.10. A partial cube G is netlike if and only if it has the following two properties:
(i) For each edge ab of G, the sets Uab and Uba are (3)-convex.
(ii) The convex hull of each non-convex isometric cycle of G is a hypercube.
Proof. (a)Assume that G is a netlike partial cube. Then G satisﬁes (i) by Theorem 3.8. Let us show that it also satisﬁes
(ii). Let C be an isometric cycle of G. Suppose that V (C) is not convex. Let C = 〈a0, . . . , a2n−1, a2n〉 with n2 and
where any integer is read modulo 2n, and let H := coG(C). We will show that, for each integer i, there exist two
internally disjoint (ai, ai+n+1)-geodesics and two internally disjoint (ai+1, ai+n)-geodesics. For all integers i, j with
|i − j | = n, we will denote by C[ai, aj ] the only (ai, aj )-geodesic in C.
(a.1) Because C is a non-convex isometric cycle of G, hence of H, there are two integers i and p with 2p<n and
an (ai, ai+p)-geodesic P such that V (P ) ∩ V (C) = {ai, ai+p}. Let b be the neighbor of ai+p in P. Then the edges
aiai+1, ai+n+1ai+n and bai+p are in relation . Hence dH (ai+n+1, b) = dH (ai+n, ai+p) = n − p. Then b belongs
to an (ai+p, ai+n+1)-geodesic Q. Because C is isometric, it follows that V (Q) ∩ V (C) = {ai+p, ai+n+1}. Moreover,
dH (a, b)+dH (b, ai+n+1)=p−1+n−p=dH (ai, ai+n+1). ThenC[ai+n+1, ai] andPi,i+n+1 := P [ai, b]∪Q[b, ai+n+1]
are two internally disjoint (ai, ai+n+1)-geodesics.
Now,C′ := C[ai+n+1, ai]∪Pi,i+n+1 is a cycle inH [IH (Uaiai+1)]. Because G, and thus H, are netlike partial cubes,
V (C′) ⊆ Uaiai+1 . It follows that there are also two internally disjoint (ai+1, ai+n)-geodesics.
(a.2) Let j be such that there exist two internally disjoint (aj+1, aj+n)-geodesics P and P ′. Then, because aj+n ∈
IH (aj+2, aj+n+1) ⊆ IH (Uaj+2aj+1), it follows that H (aj+n)3.Hence aj+n ∈ IH (Uaj+2aj+1) becauseH is a netlike
partial cube. Because P ∪P ′ is a cycle, there exists b ∈ NP∪P ′(aj+n)−V (C). Then dH (b, aj+n+2)=dH (b, aj+n)=1.
Hence b ∈ IH (aj+1, aj+n+2). Let Q be an (aj+1, aj+n+2)-geodesic containing b. Because C is isometric, it follows
that Q and C[aj+1, aj+n+2] are two internally disjoint (aj+1, aj+n+2)-geodesics.
Now, C′ := C[aj+1, aj+n+2] ∪ Q is a cycle in H [IH (Uaj+1aj+2)]. Because H is a netlike partial cube, V (C′) ⊆
Uaj+1aj+2 . It follows that there are also two internally disjoint (aj+2, aj+n+1)-geodesics.
(a.3) From (a.1) and by repeating (a.2) for j=i, i+1, . . . , i+n−1, we prove that, for all integer j, the vertices aj and
aj+n belong to a cycle ofH [IH (Uaiai−1)]. Therefore, any vertex ofIH (Uaiai−1) belongs to a cycle ofH [IH (Uaiai−1)],
and thus belongs to Uaiai−1 since H is a netlike partial cube. Then, because the C-convex hull of the vertex set of a
cycle is equal to the (geodesically) convex hull of this set, it follows that coH (Uaiai−1) =IH (Uaiai−1) = Uaiai−1 . By
Proposition 3.1, H is a median graph. Consequently, because H = coH (C), it follows, by Proposition 3.9, that H is a
hypercube.
(b) Conversely assume that G satisﬁes conditions (i) and (ii). Let ab be an edge of G. Suppose that Uab is not
C-convex. Then there exists a cycle, and thus an isometric cycle C of G(IG(Uab)] which does not belong to G[Uab].
Because Uab is (3)-convex by (i), it follows that each vertex of C − Uab has degree 2 in G[IG(Uab)], and thus that
|V (C) ∩ Uab|2. Then C must be convex, since otherwise, by (ii), coG(C) would be a hypercube in G and thus in
G[IG(Uab)], contrary to the fact that some vertex of C has degree 2 in this subgraph. Then C is a cycle of the form
C = 〈x1, . . . , x2n, x1〉 where x1 ∈ Uab, x2 /∈Uab and xi ∈ Uab for some i with 3 in + 1. Let p be the smallest
integer greater that 2 such that xp ∈ Uab. Because C is a convex cycle of G[IG(Uab)], it follows that 〈x1, . . . , xp〉 is
a geodesic.
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Let x′1 and x′p be the neighbors of x1 and xp in Uba , respectively; and let 〈x′1, . . . , x′p〉 be a geodesic. The cycle
C′ = 〈x1, . . . , xp, x′p, . . . , x′1, x1〉 is isometric because 〈x1, . . . , xp〉 and 〈x′1, . . . , x′p〉 are geodesics and the vertices
x2, . . . , xp−1 have degree 2 in G(IG(Uab)]. Therefore, as above for C, the cycle C′ is convex. It follows in particular
that n3 with pn, and that x′i /∈Uba for 1< i <p, since otherwise the neighbor x′′i of x′i in Uab would belong
to an (x1, xp)-geodesic distinct from 〈x1, . . . , xp〉, contrary to the convexity of C and also that of C′. Consequently
x′2, . . . , x′p−1 have degree 2 in G[IG(Uba)] because Uba is (3)-convex by (i).
Hence the edges x1x2 and x′p−1x′p ofC′ are in relation. On the other hand, because C is convex, the edges x1x2 and
xnxn+1 are also in relation . But, because x′2, . . . , x′p−1 have degree 2 in G[IG(Uba)], the path 〈x′p−1, x′p, xp, . . . ,
xn, xn+1〉 is a geodesic. Hence the edges x′p−1x′p and xnxn+1 cannot be in relation, contrary to the transitivity of the
relation .
Therefore Uab is C-convex. 
Condition (ii) alone is not sufﬁcient in Theorem 3.10. Actually a partial cube satisfying (ii) can have a pre-hull
number greater than 1, as is shown by the graph in Fig. 2 where each isometric cycle of this graph is convex. The
elements of PC1 satisfying Condition (ii) will be studied in the following two sections.
4. Finite netlike partial cubes
The following two theorems give a nice characterization of ﬁnite netlike partial cubes, a characterization which
unfortunately does not hold true for inﬁnite netlike partial cubes (see Section 5).
Theorem 4.1. A ﬁnite connected bipartite graph G is a netlike partial cube if and only if ph(G)1 and the convex
hull of each non-convex isometric cycle of G is a hypercube.
Before proving this theorem we can notice that Theorems 3.8, 3.10 and 4.1 imply immediately:
Theorem 4.2. A ﬁnite partial cube G is a netlike partial cube if and only if it has any two of the following three
properties:
(i) ph(G)1.
(ii) For each edge ab of G, the sets Uab and Uba are (3)-convex.
(iii) The convex hull of each non-convex isometric cycle of G is a hypercube.
To prove Theorem 4.1 we will recall the deﬁnition and some basic properties of an expansion of a graph, a concept
which was introduced by Mulder [14] to characterize median graphs and which was later generalized by Chepoi [6].
Deﬁnition 4.3. A pair (V0, V1) of sets of vertices of a graph G is called a proper cover of G if it satisﬁes the following
conditions:
• V0 ∩ V1 = ∅ and V0 ∪ V1 = V (G);
• there is no edge between a vertex in V0 − V1 and a vertex in V1 − V0;
• G[V0] and G[V1] are isometric subgraphs of G.
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Deﬁnition 4.4. An expansion of a graph G with respect to a proper cover (V0, V1) of G is the subgraph of GK2
induced by the vertex set (V0 × {0}) ∪ (V1 × {1}) (where {0, 1} is the vertex set of K2).
An expansion of a partial cube is a partial cube. If G1 is an expansion of a partial cube G0, then we will say that G0
is a-contraction of G1, because, as we can easily see, G0 is obtained from G1 by contracting each element of some
-class of edges of G1. More precisely, let G be a partial cube different from K1 and let uv be an edge of G. Let G/uv
be the quotient graph of G whose vertex set V (G/uv) is the partition of V (G) such that x and y belong to the same
block of this partition if and only if x = y or xy is an edge which is in relation  with uv. The natural surjection uv
of V (G) onto V (G/uv) is a contraction (weak homomorphism in [12]) of G onto G/uv, that is an application which
maps any two adjacent vertices to adjacent vertices or to a single vertex. Then clearly the graph G/uv is a partial cube
and (uv(WGuv), uv(WGvu)) is a proper cover of G/uv with respect to which G is an expansion of G/uv. We will say
that G/uv is the -contraction of G with respect to the -class of uv.
Let G1 be an expansion of a graph G0 with respect to a proper cover (V 00 , V 01 ) of G0. We will use the following
notation. For i = 0, 1, let i : V 0i → V (G1) be such that i (x) := (x, i) for each x ∈ V 0i , and let V 1i := i (V 0i ); and
for any A ⊆ V (G0) let
(A) := 0(A ∩ V 00 ) ∪ 1(A ∩ V 01 ).
Note that V 10 and V 11 are complementary half-spaces of G1. It follows that these sets are particular copoints of G1.
Lemma 4.5. LetG0 be a connected bipartite graph andG1 an expansion ofG0 with respect to a proper cover (V 00 , V 01 )
of G0. Moreover, for any vertex x of G0, we denote by i(x) an element of {0, 1} such that x belongs to V 0i(x). Then, for
all u, v ∈ V (G0), IG1(i(u)(u),i(v)(v)) ⊆ (IG0(u, v)) with the equality whenever i(u) = i(v).
Proof. Because G0[V 00 ] and G0[V 01 ] are isometric subgraphs of G0, and because the subgraph G1[(V 00 ∩ V 01 )] is
isomorphic to the cartesian product of G0[V 00 ∩V 01 ] by K2, it follows that the distance dG1(i(u)(u),i(v)(v)) is equal
to dG0(u, v) or dG0(u, v)+1 according to whether i(u)= i(v) or i(u) = i(v). If P1 is a (i(u)(u),i(v)(v))-geodesic in
G1, then clearly there exists a (u, v)-geodesic P0 inG0 such that (V (P0))=V (P1). Hence IG1(i(u)(u),i(v)(v)) ⊆
(IG0(u, v)).
Now assume that i(u) = i(v), say i(u)=0 and i(v)=1. Let x ∈ IG0(u, v).Without loss of generality we can suppose
that x ∈ V 00 . Because G0[V 00 ] and G0[V 01 ] are isometric subgraphs of G0, it follows that there is a (u, x)-geodesic Pu
such that V (Pu) ⊆ V 00 , and an (x, v)-geodesic Pv with a vertex y of Pv such that V (Pv[x, y]) ⊆ V 00 and V (Pv[y, v]) ⊆
V 01 . Therefore, P0 =Pu ∪Pv is a (u, v)-geodesic which contains x. Then 0(P0[u, y])∪〈0(y),1(y)〉∪1(P0[y, v])
is a (0(u),1(v))-geodesic in G1 which contains 0(x). Consequently (IG0(u, v)) ⊆ IG1(i(u)(u),i(v)(v)). 
Lemma 4.6. Let ab be an edge of a partial cube G. If an edge c0c1 of G[Wab] is in relation with an edge of G[Wba],
then c0c1 is in relation  with an edge of G[IG(Uab)]. The converse is true if ph(G)1.
Proof. (a) Suppose that c0c1 is in relation  with an edge c′0c′1 of G[Wba]. For i = 0, 1 let Pi be a (ci, c′i )-geodesic.
ClearlyP0 andP1 are disjoint and 〈c0, c1〉∪Pi is a geodesic. For i=0, 1, denote by ai the only vertex ofPi inUab. Then
there is no other edge of P0 ∪ 〈c0, c1〉 ∪P1 which is in relation with c0c1. Furthermore, for any (a0, a1)-geodesicW,
P0[c0, a0] ∪ W and 〈c0, c1〉 ∪ P1[c1, a1] are (c0, a1)-geodesics. Therefore, there is an edge of W which is in relation
 with c0c1.
(b) Conversely, suppose that ph(G)1 and that c0c1 is in relation  with an edge d0d1 of G[IG(Uab)]. By
Proposition 2.4, d0d1 is an edge of a (u0, u1)-geodesic for some u0, u1 ∈ Uab. Then clearly d0d1 is in relation with
an edge d ′0d ′1 of any (u′0, u′1)-geodesic where u′i is the neighbor of ui in Uba for i = 0, 1. Hence, by transitivity, c0c1 is
in relation  with d ′0d ′1. 
Lemma 4.7. Let ab be an edge of a partial cube G. If there exists an edge of G[Wab] which is not in relation  with
any edge of G[Wba], then Wab = IG(Uab). The converse is true if ph(G)1.
Proof. Suppose thatWab = IG(Uab). Then there is an edge cd of G such that c ∈ IG(Uab) and d ∈ Wab −IG(Uab).
Suppose that cd is in relation with some edge c′d ′ of G[IG(Uab)]. Then, it will follow that d ∈ IG(c, d ′), and thus
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that d ∈ IG(Uab), contrary to the hypothesis. Therefore, by Lemma 4.6, cd is not in relation  with any edge of
G[Wba]. The converse is clear by Lemma 4.6 if ph(G)1. 
Lemma 4.8. Let ab be an edge of a ﬁnite partial cube G such that Uab is ph-stable. Let cd be an edge of G which is
not in relation with ab, and let G′ := G/cd be the-contraction of G with respect to the-class of cd, and cd the
natural surjective contraction of G onto G′. Then IG′(UG′a′b′) = cd(IG(UGab)), where a′ := cd(a) and b′ := cd(b),
and UG′
a′b′ is ph-stable.
Proof. By Lemma 4.6, we can assume that cd ∈ E(G[IG(UGab)]). ClearlyUG
′
a′b′ =cd(UGab). Let e ∈ IG(UGab) be such
that there is an edge ef which is in relation with cd. Then f ∈ IG(e, d). Furthermore, IG(e, d) ⊆ IG(UGab) because
UGab is ph-stable and e, d ∈ IG(UGab). Hence f ∈ IG(UGab). It follows by Lemma 4.5 thatIG′(UG
′
a′b′)=cd(IG(UGab)).
The fact that UG′
a′b′ is ph-stable is a simple consequence of this result. 
Lemma 4.9. Let ab be an edge of a ﬁnite partial cube G such that Uab and Uba are ph-stable. Then each vertex
u ∈ 3V (G[IG(Uab)]) − Uab lies on a non-convex isometric cycle of G which passes through some elements of Uba .
Proof. Because G is ﬁnite, it follows that it is an isometric subgraph of an n-cube for some positive integer n. The
proof will be by induction on n. The result is clear if n3. Let n3. Suppose that it is true for all partial cubes which
are isometric subgraph of an n-cube. Let G be an isometric subgraph of a (n+ 1)-cube Qn+1, and let ab ∈ E(G) such
that there is a vertex u ∈ 3V (G[IG(Uab)]) − Uab. We distinguish two cases.
Case 1: G = G[IG(Uab) ∪IG(Uba)].
By Lemmas 4.6 and 4.7, there exists an edge cd of G which is not in relation  with an edge of G[IG(Uab) ∪
IG(Uba)]. Then IG(Uab) ∪ IG(Uba) is contained in Wcd or Wdc, say in Wcd . It follows that H := G − Wdc is a
proper convex subgraph of G, and this subgraph is an isometric subgraph of a p-cube for some pn. Hence H is a
partial cube whose sets UHab and U
H
ba are obviously ph-stable. By the induction hypothesis, there exists a non-convex
isometric cycle of H, and thus of G, which passes through u and through some vertices of UHba = UGba .
Case 2: G = G[IG(Uab) ∪IG(Uba)].
Subcase 2.1: There is an edge cd of G which is not in relation  with ab or with an edge incident to u.
Let G′ := G/cd be the -contraction of G with respect to the -class of cd, and let cd be the natural surjective
contraction of G ontoG′. ThenG′ is an isometric subgraph of an n-cube. For simplicity we will denote by x′ the vertex
cd(x) for all x ∈ V (G). Then u′ ∈ 3V (G′[IG′(UG′a′b′)])−UG
′
a′b′ and moreoverU
G′
a′b′ andU
G′
b′a′ are ph-stable by Lemma
4.8. By the induction hypothesis, there exists an isometric cycleC′ ofG′ which is not convex and which passes through
u′ and through some vertices inUG′
b′a′ . By Lemma 4.5, there clearly exists an isometric cycle C of G which is not convex
and which passes through u and through some vertices in UGba , that is a cycle which has the required properties.
Subcase 2.2: Each edge of G which does not belong to the-class of ab is in relation with an edge incident to u,
and NG(u) = Uab.
Subsubcase 2.2.1: G(u)> 3.
Then there is an edge cd of G which is not in relation  with ab or with an edge ux for some x ∈ Uab. The proof is
then analogous to that of Subcase 2.1 with, in this case, G′(u′) = G(u) − 13.
Subsubcase 2.2.2: G(u) = 3.
Because Uab is ph-stable, one can easily show that |NG(u)∩Uab| = 2. Then NG(u)={xu, yu, v} with xu, yu ∈ Uab
(see Fig. 3). Because Uab is ph-stable, v ∈ IG(xu, yv) ∩ IG(yu, xv) for some xv, yv ∈ Uab. Because the distance
between any two vertices in IG(Uab) is at most 3, it follows that xv and yv are neighbors of v. Then the edges uxu
and vxv are in relation , as well as the edges uyu and vyv . Therefore, xu and xv are adjacent as well as yu and yv .
Let x′u, y′u, x′v and y′v be the neighbors of xu, yu, xv and yv in Uba , respectively. Then x′u and x′v are adjacent as
well as y′u and y′v; x′u and y′u have a common neighbor u′, and x′v and y′v have a common neighbor v′. The vertices
u′ and v′ are distinct since G is bipartite. Furthermore, the edges u′y′u and xuu are in relation , as well as the edges
xuu and xvv, and the edges xvv and v′y′v . Hence, by transitivity, u′y′u and v′y′v are in relation . It follows that the
vertices u′ and v′ must be adjacent. Consequently G is isomorphic to the cartesian product of a 6-cycle by K2, and
〈xu, u, v, yv, y′v, v′, u′, x′u, xu〉 is a non-convex isometric cycle of G which passes through u and through the vertices
x′u and y′v in Uba .
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Fig. 4.
Subcase 2.3: Each edge of G which does not belong to the-class of ab is in relation with an edge incident to u,
and NG(u) = Uab.
We will see Qn+1 as the diagram of the lattice of all subsets of the set {0, . . . , n} where two subsets are adjacent if
and only if their symmetric difference is a singleton. We will assume that u = ∅ and that the edge ab is in relation 
in Qn+1 with the edge ∅{0}. See Fig. 4 for n = 3 where each set is denoted only by the sequence of its elements, that
is without braces and commas.
(a) Let i, j ∈ {1, . . . , n}. Then {0, i}, {0, j} ∈ V (G). Furthermore, because {0} /∈V (G) since ∅ /∈Uab and because G
is isometric in Qn+1, it follows that {0, i, j} ∈ V (G).
(b) Let i ∈ {1, . . . , n}. We will show that there is a j ∈ {1, . . . , n} − {i} such that {i, j} ∈ V (G). Without loss of
generality we will suppose that i = 1. Because Uba is ph-stable, there exists an x ∈ Uba such that {0, 1, 2} ∈
IG({0, 3}, x). In view of the distance in Qn+1, it follows that there is a sequence i0, . . . , ik of distinct elements of
{4, . . . , n} such that the path
〈{0, 3}, {0, 1, 3}, {0, 1}, {0, 1, 2}, {0, 1, 2, i0}, . . . {0, 1, 2, i0, . . . , ik}〉
is a geodesic in G with {0, 1, 2, i0, . . . , ik} ∈ Uba . Then {1, 2, i0, . . . , ik} ∈ Uab. Because G is isometric in
Qn+1, there is a ({1}, {1, 2, i0, . . . , ik})-geodesic in G, which, in view of the geodesics in Qn+1, is of the form
〈{1}, {1, (2)}, {1, (2), (i0)}, . . . , {1, (2), (i0), . . . , (ik)}〉, where  is some permutation of {2, i0, . . . , ik}.
Therefore, {1, (2)} ∈ V (G).
(c) Now let i, j be any two elements of {1, . . . , n} such that {i, j} ∈ V (G). By (a), the cycle 〈∅, {i}, {0, i}, {0, i, j},
{0, j}, {j},∅〉is isometric inG but is not convex since 〈{i}, {i, j}, {j}〉 is a geodesic. Then this cycle has the required
properties. 
Proof of Theorem 4.1. The necessity is a consequence of Proposition 2.5 and of Theorems 3.8 and 3.10.
Conversely, let G be a ﬁnite connected bipartite graph with ph(G)1 such that the convex hull of each non-convex
isometric cycle of G is a hypercube. Then G ∈ PC1 by Proposition 2.6. Suppose that Uab is not (3)-convex for some
edge ab of G. Then there is some vertex u ∈ 3V (G[IG(Uab)]) − Uab. By Lemma 4.9, there exists an isometric cycle
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C of G which is not convex and which passes through u and through some vertices in Uba . By the properties of G,
coG(C) is a hypercube. Hence coG(V (C)) ⊆ Uab ∪ Uba , contrary to the fact that u /∈Uab ∪ Uba . Therefore, Uab and
Uba are (3)-convex for each edge ab of G, and consequently G is a netlike partial cube by Theorem 3.8. 
Remark 4.10. We will show that the conditions (i)–(iii) of Theorem 4.1 are independent.
(1) The cartesian product H = K2C2n for n3 is an element of PC1 because this class of graphs is closed under
cartesian products (see [17]). IfC2n=〈x0, . . . , x2n−1, x0〉 and V (K2)={0, 1}, then the convex hull of the isometric
cycle
C = 〈(x0, 0), . . . , (xn, 0), (xn, 1), . . . , (x2n−1, 1), (x0, 1), (x0, 0)〉
is the graphH itself, which is not a hypercube, and thusH is not a netlike partial cube byTheorem3.10. Furthermore,
for i=0, 1 and j =2, . . . , n−1, (xj , i) ∈ 3V (H [I(U(1,0)(0,0))]), and thusU(1,0)(0,0) is not (3)-convex. Therefore,
H satisﬁes condition (i) but not conditions (ii) and (iii).
(2) The 3-cube minus an edge Q−3 is an example of a partial cube satisfying condition (ii) but not conditions (i)
(ph(Q−3 ) = 2) and (iii).
(3) The graph G in Fig. 2 is an example of a partial cube satisfying condition (iii) but not conditions (i) (ph(G) = 2)
and (ii).
5. An inﬁnite counterexample
We will show that the characterization of ﬁnite netlike partial cubes given by Theorem 4.1 does not hold for inﬁnite
netlike partial cubes.
Proposition 5.1. There exists an inﬁnite partial cube G ∈ PC1 such that the convex hull of each non-convex isometric
cycle of G is a hypercube and which is not a netlike partial cube.
Proof. We ﬁrst construct a sequence G0,G1, . . . of graphs satisfying the following conditions:
(1) Gn is a ﬁnite partial cube that is not netlike whenever n1.
(2) Gn is a convex subgraph of Gn+1.
(3) A cycle of Gn is isometric if and only if it is a 6-cycle, and thus any isometric cycle of Gn is convex.
(4) For each edge ab of Gn and all u, v ∈ UGnab , dGn(u, v) is even and each (u, v)-geodesic 〈u0, . . . , u2p〉 with u0 = u
and u2p = v is such that u2i ∈ UGnab for 0 ip.
(5) For each edge ab of Gn, if u, v ∈ IGn(UGnab ) are such that v /∈ IGn(u,w) for any w ∈ UGnab , then v ∈ IGn+1(u,w)
for some w ∈ UGn+1ab .
Let G0 be a 6-cycle. Suppose that Gn has already been constructed for some n0. We construct Gn+1 as follows.
Denote by Cn the set of all 6-cycles of Gn which are not cycles of Gn−1 if n> 1. For C = 〈x0, . . . , x5, x0〉 ∈ Cn, let
yC0 , y
C
1 , x
C
0 , . . . , x
C
5 be eight vertices which do not belong to Gn, and let
C¯ := C ∪
⋃
i=0,1
⋃
0 j5
〈yCi , xC2j+i , x2j+i〉
(see Fig. 5). Moreover, if C andC′ are distinct elements ofC, then the new vertices are chosen so that {yC0 , yC1 , xC0 , . . . ,
xC5 } and {yC
′
0 , y
C′
1 , x
C′
0 , . . . , x
C′
5 } are disjoint. Now let Gn+1 := Gn ∪
⋃
C∈CnC¯. We clearly have the following facts
for any C ∈ Cn:
(a) The sets of edges {x2ixC2i : 0 i2} and {x2i+1xC2i+1 : 0 i2} are two new distinct -classes in Gn+1.
(b) For 0 i2, the edges yC0 xC2i , xC2i+3yC1 , x2i+4x2i+5, x2i+2x2i+1 (the indices being modulo 6) are in relation 
in Gn+1.
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Fig. 5.
(c) x1, x3, x5 ∈ CV (IGn+1(UGn+1x0xC0 )) − U
Gn+1
x0xC0
and x0, x2, x4 ∈ CV (IGn+1(UGn+1x1xC1 )) − U
Gn+1
x1x
C
1
.
(d) For any edge ab of Gn,
CV (IGn(U
Gn
ab )) − UGnab ⊆ CV (IGn+1(UGn+1ab )) − UGn+1ab .
Now we can check that Gn+1 satisﬁes the conditions (1)–(5).
(1): The relation  on E(Gn+1) is clearly transitive, and thus Gn+1 is a partial cube. Furthermore, by (c) and (d),
Gn+1 is not netlike.
(2)–(4) follow immediately from the induction hypothesis, the construction and the preceding facts.
(5): Let ab be an edge of Gn and two vertices u, v ∈ IGn(UGnab ) such that v /∈ IGn(u,w) for any w ∈ UGnab . Then, in
particular, v /∈UGnab , and n1. By (4), we can suppose without loss of generality that u ∈ UGnab . Let 〈u0, . . . , u2p, v〉
be a (u, v)-geodesic with u0 = u. Then u2i ∈ UGnab for 0 ip. Because v ∈ IGn(UGnab ), it follows that there is a
vertex u2i+2 ∈ UGnab such that 〈u2p, v, u2p+2〉 is a geodesic. Because v /∈ IGn(u, u2p+2), it follows that dGn(u, u2p) =
dGn(u, u2p+2). Then, if u′2p and u′2p+2 are the neighbors in U
Gn
ba of u2p and u2p+2, respectively, and if P ′ is a
(u′2p, u′2p+2)-geodesic, then C = 〈u′2p, u2p, u2p+2, u′2p+2〉 ∪ P ′ is a 6-cycle which is not contained in Gn−1 by the
construction. Denote C as the cycle 〈x0, . . . , x5, x0〉 with in particular x0 = v, x5 = u2p and x1 = u2p+2. Then, by (b),
the edge xC0 y
C
0 is in relation  with the edge x1x2, that is u2p+2u′2p+2. Hence, by transitivity, xC0 yC0 is in relation 
with ab. Therefore, v ∈ IGn+1(u, xC0 ) since Gn is a convex subgraph of Gn+1.
Now let G :=⋃n∈NGn. Then, clearly
• G is a partial cube by (1) and (2);
• ph(G)1 by (5);
• the isometric cycles of G are its 6-cycles, and thus are convex, by (3);
• G is not netlike by (1) and (d).
The graph G has then the required properties. 
Wewill complete this section by a compactness result. First note that, because a partial cube is an isometric subgraph
of a hypercube, a graph is a partial cube if and only if each of its polytopes induces a partial cube. For netlike partial
cubes we have a similar result that we will only state, leaving its proof, which is very simple, to the reader.
Proposition 5.2. A graph G is a netlike partial cube if and only if every polytope of V (G) induces a netlike partial
cube.
The preceding example shows that the class PC1, and more precisely that the subclass of the elements of PC1
satisfying condition (iii) of Theorem 4.2, is not closed under convex subgraphs.
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6. Gated subgraphs and gated amalgams
In Remark 4.10(1) we prove that the cartesian product K2C2n for n3 is not a netlike partial cube. This implies
in particular that the class of netlike partial cubes is not closed under cartesian products. Furthermore, from this result
follows a property that we will use later.
Lemma 6.1. Let ab be an edge of a netlike partial cube G. Then any convex cycle of G[Uab] is a 4-cycle.
Proof. Let C be a convex cycle ofG[Uab]. Then 〈a, b〉C is a convex subgraph of G, and thus is a netlike partial cube
in its own. Whence the result by what precedes. 
An induced subgraph H (or its vertex set) of a graph G is said to be gated if, for each x ∈ V (G), there exists a vertex
y (the gate of x) in H such that y ∈ IG(x, z) for every z ∈ V (H) (see [10]). Obviously, every gated subgraph is convex.
Conversely any convex subgraph of a median graph is gated. However, this is clearly not true for netlike partial cubes.
We will characterize the convex subgraphs of a netlike partial cube which are gated.
We will say that a subgraph H of a graph G is -closed if every convex cycle which has at least three vertices in
common with H is a cycle of H. The following result generalizes Proposition 1 of [3].
Theorem 6.2. A convex subgraph of a netlike partial cube is gated if and only if it is -closed.
Proof. Let H be a convex subgraph of a netlike partial cube G.
(a) Suppose that H is not -closed. Then there is a convex cycle C=〈x1, . . . , x2n, x1〉 of G such that |V (C∩H)|3
and CH . Without loss of generality we can suppose that C ∩ H = 〈xp, . . . , x2n〉 with 2n − p2. Because H is
convex, it follows that n<p. Let i be the largest integer less than or equal to (p − 1)/2. Then, because C is convex,
〈x2n, x1, . . . , xi〉 and 〈xi, xi+1, . . . , xp〉 are the only (xi, x2n)-geodesic and (xi, xp)-geodesic, respectively. It follows
that xi has no gate in H, and thus that H is not gated.
(b) Conversely suppose that H is not gated. Then there exist a vertex u of G − H and x, y ∈ V (H) such that
dG(u, x) = dG(u, V (H))= : k, dG(u, y)< dG(u, x) + dG(x, y), and k is minimum with respect to these properties.
Without loss of generality we can suppose that y is chosen so that dG(x, y) is minimum with respect to the preceding
properties. Note that dG(x, y)2 since k = dG(u, V (H)). Also note that dG(u, x) and dG(u, y) are greater than 1,
since otherwise u would belong to V (H) by the convexity of H, contrary to the hypothesis u /∈V (H).
Let Px , Py and R be a (u, x)-geodesic, a (u, y)-geodesic and an (x, y)-geodesic, respectively. Then R is a path of H
since H is convex. By the minimality of k and of dG(x, y), C := Px ∪ Py ∪ R is a cycle. If C is convex then H is not
-closed because dG(x, y)2.
Assume that C is not convex, and let y′ be the neighbor of y in R. By the minimality of dG(x, y) and the fact that G
is bipartite, it follows that dG(u, y′) = dG(u, y) + 1. Then there is an edge ab of Px ∪ Py which is in relation  with
the edge yy′. Because y ∈ IG(u, y′), it follows that ab /∈E(Py). Therefore, ab ∈ E(Px). Then
dG(a, y
′) = dG(b, y)
= dG(b, y′) + 1 by the minimality of k
= dG(a, y) + 1.
Hence a = u by the minimality of k.
Because, by assumption, C is not convex, there exist a (c, d)-geodesic Q having only its endvertices c and d in
common with C. Then there is an edge of Q which is in relation  with the edges ab and yy′.
Then c ∈ IG(Uab) and d ∈ IG(Uba). Moreover, the degrees of c and d in the subgraphs induced byIG(Uab) and
IG(Uba), respectively, are at least 3. Therefore, c ∈ Uab and d ∈ Uba , because Uab and Uba are (3)-convex since G
is netlike (Theorem 3.8). It follows that the length of Q is 1, that is Q = 〈c, d〉.
Because x ∈ IG(b, y′), we have that c ∈ V (Py)−{y}. If d ∈ V (R), then d is distinct from y and y′. Hence dG(d, y)=
dG(d, y
′)+ 1= dG(c, y)+ 1. Therefore, c ∈ V (H) since H is convex. Furthermore, dG(u, d)= dG(u, c)+ 1, and thus
dG(u, c)< dG(u, x)+dG(x, c)with dG(x, c)< dG(x, y) because c = y, a contradiction with the hypothesis that y was
chosen so that dG(x, y) was minimum with respect in particular to the property that dG(u, y)< dG(u, x) + dG(x, y).
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Hence d ∈ V (Px) − {x}. Suppose that c is chosen so that dG(c, y) is minimum. Then the cycle 〈c, d〉 ∪ Px[d, x] ∪
R ∪ Py[y, c] is a convex cycle of length greater that 4 since d ∈ V (Px)− {x}, and that has more than three vertices in
H because dG(x, y)2. Consequently H is not -closed. 
Note that a partial cube G being an isometric subgraph of some hypercube Q, any hypercube in G is then a convex
subgraph of Q, and thus is gated in G. We will show that, for netlike partial cubes, convex cycles are also gated.
If H is a subgraph of a partial cube, we will denote by (H) the set of the -classes of all edges of H.
Proposition 6.3. Let C0, C1 be two distinct convex cycles of a netlike partial cube G. If (C0) ∩ (C1) = ∅, then
either C0 and C1 are disjoint or their intersection is a K2, and moreover |(C0)∩(C1)| = 1 whenever the length of
at least one of these cycles is greater than 4.
Proof. Let C0 and C1 be two distinct convex cycles of G such that(C0)∩(C1) = ∅. Let ab be an edge of G which
is in relation  with both an edge a0b0 of C0 and an edge a1b1 of C1. Then, for i = 0, 1, there exists exactly another
edge a′ib′i of Ci which is in relation  with ab.
Suppose that some vertex u ∈ V (C0 ∩ C1) belongs to Uab ∪ Uba , say u ∈ Uab. Denote by v the neighbor of u in
Uba . Let i ∈ {0, 1}. Since u ∈ IG(ai, a′i ), it follows that v ∈ IG(bi, b′i ). Hence, by the convexity of Ci , v ∈ V (Ci) and
then uv is an edge of Ci . It follows that u ∈ {ai, a′i} and that v ∈ {bi, b′i}.
Suppose thatC0 andC1 are not disjoint. Then, becauseC0 = C1, there is in, say inWab, a vertex u ofC0 ∩C1 whose
degree in this graph is 1, and which is distinct from ai and a′i , i = 0, 1. Hence, by what precedes, u ∈ IG(Uab)−Uab.
Then, because C0∩C1(u) = 1 and because C0 and C1 are cycles, it follows that the degree of u in G[IG(Uab)] must
be at least 3, contrary to the fact that, by Theorem 3.10, Uab is (3)-convex and u /∈Uab. Therefore, the intersection of
C0 and C1 is one of the paths: 〈a0, b0〉, 〈a′0, b′0〉, 〈a1, b1〉 or 〈a′1, b′1〉.
Suppose now that the length of C0 is at least 6 and that |(C0)∩(C1)|2. Then, for i = 0, 1, there exists exactly
another edge cidi ∈ E(Ci[ai, a′i]) such that c0d0 and c1d1 are in relation . By what precedes, c0 = c1 and d0 = d1.
Let Pc be a (c0, c1)-geodesic and Pd a (d0, d1)-geodesic. Then Pc ∪ 〈c1, d1〉 ∪Pd ∪ 〈d0, c0〉 is a cycle of G[IG(Uab)].
Hence c0, c1, d0, d1 ∈ Uab since Uab is C-convex. Because the length of C0 is greater than 4, it follows that c0 or d0,
say c0, is distinct from a0 and from a′0. Let e0 be the neighbor of c0 inUba . Then e0 ∈ IG(b0, b′0) since c0 ∈ IG(a0, a′0).
Hence, by the convexity of C0, e0 ∈ V (C0) and thus c0e0 is an edge of C0. It follows from above that c0 ∈ {a0, a′0},
contrary to what precedes. 
By Proposition 6.3 a convex cycle of a netlike partial cube is -closed. Hence by Theorem 6.2, we get immediately:
Corollary 6.4. Any convex cycle of a netlike partial cube is gated.
Following Mulder [15], a graph G is the gated amalgam of two graphs G0 and G1 if G0 and G1 are isomorphic to
two intersecting gated subgraphs of G whose union is G.
Theorem 6.5. The gated amalgam of two netlike partial cubes is a netlike partial cube.
Proof. LetG be the gated amalgam of two graphsG0 andG1. ThenG is clearly a partial cube.Without loss of generality
we will suppose that G0 and G1 are gated subgraphs of G. To prove that G is netlike we will use Theorem 3.10.
By the deﬁnition of a gated amalgam,E(G)=E(G0)∪E(G1). Let ab be an edge ofG. ClearlyUGab=UG0ab ∪UG0ab and
IG(U
G0
ab )∪IG(UG0ab ) ⊆ IG(UGab). For i=0, 1, let ui ∈ UGiab and let vi be the gate of ui inG1−i . Clearly vi ∈ UG1−iab .
Let P be a (u0, u1)-geodesic in G. Then, by the deﬁnition of a gate, for i = 0, 1, there exists a (ui, v1−i )-geodesic Pi in
Gi such that P ∩Gi is a subpath of Pi . This proves, on the one hand, thatIG(UGab)is contained in and thus is equal to
IG(U
G0
ab )∪IG(UG0ab ), and on the other hand, that 3V (G[IG(UGab)])=3V (G0[IG0(UG0ab )])∪3V (G1[IG1(UG1ab )]) ⊆
U
G0
ab ∪UG1ab =UGab because UG0ab and UG1ab are (3)-convex. Hence UGab is (3)-convex, which proves that condition (i) of
Theorem 3.10 is satisﬁed.
Now let C be an isometric cycle of G. Because G0 and G1 are convex, it follows that C is an isometric cycle of G0
or of G1. Hence condition (ii) of Theorem 3.10 is trivially satisﬁed. Consequently G is netlike by this theorem. 
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7. Special netlike partial cubes
7.1. Median graphs and linear partial cubes
We recall that a partial cube G is called an almost-median graph (see [11]) ifUab andUba induce isometric subgraphs
for each edge ab of G.
Proposition 7.1. Let G be an almost-median graph. Then the following assertions are equivalent:
(i) G is a median graph.
(ii) G is a netlike partial cube.
(iii) The convex hull of each non-convex isometric cycle of G is a hypercube.
Proof. (i) ⇒ (ii) is obvious, and (ii) ⇒ (iii) is a consequence of Theorem 3.10.
(iii) ⇒ (i): Suppose that G satisﬁes condition (iii). By Proposition 3.1, we have to show thatUab (andUba) is convex
for each ab ∈ E(G). We will prove by induction on dG(u, v) that IG(u, v) ⊆ Uab for all u, v ∈ Uab and each edge ab
of G.
This is trivial for two vertices whose distance is at most one. Suppose that there are an edge ab and two vertices
u, v ∈ Uab with dG(u, v) = 2 which have a common neighbor w /∈Uab. Because G is an almost-median graph, there
is a common neighbor u1 of u and v which belongs to Uab. For each vertex x ∈ Uab, we will denote by x′ its neighbor
in Uba . The cycle C = 〈u,w, v, v′, u′1, u′, u〉 is isometric in G, but not convex since 〈u, u1, v〉 is a (u, v)-geodesic.
Hence, by (iii), coG(C) is a hypercube H. Then V (H) ⊆ Uab ∪ Uba , contrary to the fact that w /∈Uab. Therefore
IG(u, v) ⊆ Uab.
Let n2. Suppose that, for each edge ab, IG(u, v) ⊆ Uab for all u, v ∈ Uab such that dG(u, v)n. Let ab ∈ E(G)
and u, v ∈ Uab be such that dG(u, v) = n + 1. Assume that there is a (u, v)-geodesic 〈v0, . . . , vn〉 such that v0 = u,
vn = v and vi /∈Uab for 1 in − 1. Because G is an almost-median graph, there is a (u, v)-geodesic 〈u0, . . . , un〉
such that u0 = u, un = v and ui ∈ Uab for 0 in. We have dG(u, un−1) = dG(v1, v) = n.
If dG(v1, un−1) = n + 1 = dG(u, v), then the edges uv1 and un−1v are in relation . Hence, by the induction
hypothesis, vi ∈ Uuv1 for 1 in and ui ∈ Uv1u for 0 in − 1. Then, without loss of generality we can suppose
that ui and vi+1 are adjacent for 1 in − 2. It follows that 〈un−2, vn−1, v〉 is a (un−2, v)-geodesic. Hence, by what
precedes, vn−1 ∈ Uab, contrary to the assumption.
Therefore dG(v1, un−1) = n − 1. Since dG(u, un−1) = n, it follows by the induction hypothesis that v1 ∈ Uab,
contrary to the assumption.
Consequently Uab (and analogously Uba) is convex, and thus G is a median graph. 
By using Proposition 3.9 and Theorem 3.10 we easily obtain the following result.
Corollary 7.2. A netlike partial cube is a median graph if and only if any of its convex cycles is a 4-cycle.
We will now consider the opposite case by characterizing the netlike partial cubes for which any isometric cycle is
convex.
Deﬁnition 7.3. We will say that a partial cube G is linear if, for each edge ab of G, IG(Uab) and IG(Uba) induce
trees.
Linear partial cubes are clearly netlike. More precisely we have
Theorem 7.4. Let G be a partial cube. The following assertions are equivalent:
(i) G is linear.
(ii) G is a netlike partial cube which contains no hypercube of dimension greater than 2.
(iii) G is a netlike partial cube whose isometric cycles are convex.
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Fig. 6. A benzenoid graph.
Proof. (i) ⇒ (ii): Suppose that G is a netlike partial cube which contains a hypercubeQn with n3. Let ab be an edge
of Qn. Then Uab induces a hypercube Qn−1 in G, and thus contains a cycle. Hence G is not linear.
(ii) ⇒ (iii): Let C be an isometric cycle of G. Suppose that C is not convex. Then, by Theorem 3.10, coG(C) is a
hypercube which must have a dimension greater than 3 because V (C) is not convex.
(iii) ⇒ (i): Assume that G is a netlike partial cube which is not linear. Then there exists an edge ab of G such that
G[IG(Uab)] contains a cycle. Let C = 〈x1, . . . , x2n, x1〉 be a smallest cycle of this subgraph. Then C is a cycle of
G[Uab] because G is netlike, and thus n = 2 by Corollary 7.2. For 1 i4 we will denote by x′i the neighbor of xi in
Uba . Then {x1, . . . , x4, x′1, . . . , x′4} induces a 3-cube. It follows that any of the maximal cycles of this 3-cube is clearly
isometric but not convex. 
Trees and cycles are particular instances of linear partial cubes. Other simple particular linear partial cubes are the
linear median graphs, such as a ﬁnite or inﬁnite grid and more generally the cartesian product of two trees for example.
The preceding results easily give the following characterization.
Corollary 7.5. A netlike partial cube G is a linear median graph if and only if every isometric cycle of G is a 4-cycle.
7.2. Benzenoid graphs and cellular bipartite graphs
Other instances of linear partial cubes are benzenoid graphs and cellular bipartite graphs. A benzenoid graph is a
particular connected induced subgraph of the hexagonal grid, viz., a connected plane graph in which all inner faces are
regular hexagons, each vertex belongs to a hexagon and all inner vertices have degree 3. See Fig. 6 for an example of a
benzenoid graph. Imrich and Klavžar [12] proved that ﬁnite benzenoid graphs are partial cubes, but their proof can be
easily extended to inﬁnite ones, and moreover in the same way we can see that they are linear partial cubes. Actually,
for each edge ab of a benzenoid graph, G[IG(Uab)] is an isometric path where alternate vertices which belong and
do not belong to Uab. As a matter of fact, a benzenoid graph is not only an isometric subgraph of a hypercube, but it is
also an isometric subgraph of the cartesian product of three trees [8].
The cellular bipartite graphs, which were deﬁned and studied by Bandelt and Chepoi [3,4], are the graphs which can
be obtained from a collection of single edges and even cycles by successive gated amalgamations. Because of Theorems
6.5 and 7.4, ﬁnite cellular bipartite graphs are linear partial cubes. Bandelt and Chepoi also suggested to generalize
the cellular bipartite graphs by investigating the graphs obtained from even cycles and hypercubes via successive
gated amalgamations. These graphs would constitute another class of netlike partial cubes in view of Theorem 6.5, but
benzenoid graphs show that the converse is not true.
This new class of graphs would also be a subclass of the class of bipartite graphs in which the gated hull of every
isometric cycle is either the cycle itself or a hypercube. Call these graphs nets. By Theorems 3.10 and 6.5, netlike
partial cubes are nets, but the converse is not true as is shown by the partial cube G in Fig. 7. This graph is clearly a
net since each of its isometric cycles is gated. On the other hand, if ab is any “vertical” edge of G, then Uab is not
ph-stable. Hence ph(G)> 1, and more precisely we easily see that ph(G)= 2. Therefore G is not netlike, and thus the
class of netlike partial cubes is a proper subclass of the class of nets.
Remark 7.6. Because cellular bipartite graphs are particular linear partial cubes, it is interesting to know if Bandelt
and Chepoi’s result [3, Proposition 3] stating that “every triple of vertices of a cellular bipartite graph admits either a
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Fig. 7.
Fig. 8.
unique median or a unique median cycle” can be extended to all linear partial cubes, and more generally to all netlike
partial cubes.
We recall that, if u0, u1, u2 are three vertices of a graph G, then a median of the triple (u0, u1, u2) is any element of
the intersection IG(u0, u1)∩IG(u1, u2)∩IG(u2, u0), and that amedian cycle of (u0, u1, u2) is a gated cycleC ofG such
that for all i, j ∈ {0, 1, 2}, if xi is the gate of ui in C, then: {xi, xj } ⊆ IG(ui, uj ) if i = j , and maxi =j dG(xi, xj )< k/2,
where k is the length of C.
In addition to median graphs, [3, Proposition 3] is clearly extendable to some netlike partial cubes which are not
cellular bipartite graphs. However, this result is not extendable to any netlike partial cube and not even to any benzenoid
graph, as is shown by the benzenoid graph, say B, in Fig. 8. The triple (u, v,w) of vertices of B does not have a median
nor a median cycle. Note that the three intervals IB(u, v), IB(v,w), IB(w, u) pairwise intersect in their common
endvertices, but their union does not induce a gated cycle. Actually, we can easily see that every triple of vertices of
a benzenoid graph G admits either a unique median or a unique median cycle if and only if G contains no subgraph
isomorphic to B, that is if and only if G is a cellular bipartite graph.
More generally the following question arises naturally: are the netlike partial cubes, for which every triple of vertices
admits either a unique median or a unique median cycle, obtained from even cycles and hypercubes via successive
gated amalgamations?
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